S{f(x),c) = 0(c 1 -i)
where n = deg(/). In^this paper we shall study the asymptotic behaviour of
£s(/(*),c)
c<X in the special case of f(x) = a x 3 . In general there is some numerical evidence to suggest that X)5(/(x), C )~A-(/)-X 1+ i c<X unless / is symmetric in the sense that there exists r G Z so that /(r -x) = f (x) . If this is so, and it can only happen if n is even, there is a little evidence to suggest that ^(/(aO.c)-*'(/)-^ c<X when n > 2. I shall discuss these problems in a paper which is, at present, in preparation.
In the case of deg(/) = 3 then it is possible to prove results of this type for a certain class of / over Z [(JJ] (UJ 2 + a; + 1 = 0). This is the subject of a forthcoming paper by R. Livne and the author ( [LP] ). The method used there is based on the theory of cubic metaplectic forms and an identity due to W. Duke and H. Iwaniec, [DI] . Unexpectedly for certain very special /, namely those of the form a^ • x 3 one has, at least for some as
where, here, 5 ist the analogue of S for Z [u] and ceZ [u] . The purpose of this paper is to use the theory of metaplectic forms again to prove the following: 
One can give an explicit formula for k(A) but it is not illuminating (see §3).
It is worth noting that D.R. Heath-Brown ( [HB] ) has shown that, for any e > 0,
This is a considerable sharpening of a result due to Heath-Brown and Patterson [HBP] .
This paper has its origins in a joint project with R. Livne (Jerusalem). 3 , c) . In this section we shall gather together the information on the sums S(Ax 3 , c) that we need. Most of this is well-known but for our purposes we have to be a little more precise than is necessary in other applications.
The sums S(Ax
LEMMA 2.1. Ifci,C2 are coprime then where ji : k -3ji = 1; if ji does not exist then the last term is taken to be zero. If p = 3 then we have:
where ji : k -3ji = 1 and J2 ' • k -3J2 -2 with the same convention as above. These simplify to, if p ^ 3,
If p = 2 (mod 3) then it follows easily that S{Ax 3 ,p) = 0. If p = 3 then we deduce that
One verifies easily in this case that S{Ax z ,p) -0 and S{Ax z ,p 2 ) = 6 • cos (^) 4-3. This completes the proof of the lemma. 
^5,ir)= E e ((J) 3 )e(TSr(^));
here e is an injection of the group {l,a;,a; 2 } into C x and (-f^ denotes the cubic residue symbol in Z[UJ] . The function Tr is the trace Q(u) -> Q.
Proof. This is well-known -see [HB-P] .
We now deduce from Lemmas 2.1, 2.2. and 2.3 the following: LEMMA 2.5. // there exists a prime p so that
In view of Hua's lemma the series
which is also defined for Re(s) > |. We also note that by Lemma 2.5 if
F{A,8) = Y t t(A,c)cc=l
where t(A,c) = 0 if there is a prime p so that ordp(c) > ordp(^4) + 3. Next we have from Lemma 2.1 together with the observation that
S(AS 3 x\c) = S(Ax 3 ,c)
if S is a coprime to c, the following fact.
LEMMA 2.6. One has if ci and C2 are coprime.
We shall now transform ^2t(A,c) • c~3 by writing
where C2 is coprime to 2-3^4 and the only primes dividing ci are those dividing 2-3-A. We then have We observe that the sum over ci is finite and that t^A, ci) depends only on the residue class of C2 (mod ci Proof. We verify first that it suffices to prove this formula in the case of a prime power. This is the case because when we have c = C1C2 with (ci,C2) = 1 then the 7 : N^y) = c are of the form 7172, uniquely as 7 = 1 (mod 3), 71 =1 (mod 3), 72 = 1 (mod 3). Now
g(A^l ll2 )=e{(^-) ) •£{(-) )-g(A,e,>y 1 ).g(A,e,>Y2).
V72/3 \7l/3
Now we note that
(s), = te) -(s; •
The ~ denotes the non-trivial involution of Q(a;)/Q; the first equality follows by functorality, the second by the law of cubic reciprocity; the last one is trivial. Consequently
9(A,e ni72 ) -£ n^.) 3 y £^)^g (A,e ni )g(A,e, l2 ) = e{(%) 3 )e((%) 3 )9(AeniMA,e, l2 )
That JZ 9( A ' £ ' 7) has the multiplicativity of Lemma 2.6 follows immediately,
*y (mod c) 7 = 1 (mod 3)
and therefore that we need only prove the formula in the case of a prime power. Suppose p ^ 3; then
t(A,p) = S(Ax\p) and the result follows from Lemma 2.3. If p = 1 (mod 3) then t(A,p 2 ) = p = g(A,6,ir) -g(A,e,7r) = g(A,e,7r) • g(A,e,7r). If p = 2 (mod 3) then t(A,p
2 ) = g(A,e,p) = p as is well known, so that the identity also holds here. If k > 3 the £(^4,^) = 0 so that the result also holds in this case as well. We have therefore verified it in all cases.
We can now summarize the conclusions of this section in the following theorem: where the sum is taken over Z [(J\. Let k = Q(u) and let Cfc ( 5 ) be the Dedekind zeta function of k. Then (see [Pl] , Theorem 6.1) it is known that ip(r,s)(k(^s -2) has a analytic continuation as a meromorphic function to the entire plane. It is of finite order and has only one pole in Re(s) > 1, at s = | and it is simple. The residue at s = | is (by [PI] -t coprime to T where 7 coprime to T means that for each v G T we have | 7 \ v = 1. Then we have that ^T(F> S) also has an analytic continuation of the same type as above and that
see [P2] , p. 180 and [KP] , §11.3. We next need twisted versions of this which, fortunately, follow from it. Let A denote the place of k dividing 3 and let where [,] denotes the least common multiple. Since the sum over ci is finite the theorem follows from this representation.
The Theorem of §1 follows immediately from this in the usual way.
